Intersection of Parametric Line and Sphere

A 3D line and a sphere can intersect at 0, 1, or 2 points.

d=(dy,dy,,d,)

Py = (x0,¥0,%0)

Using a parametric line in the form of:

X=2xg+dt

Yy =79y, + dy -t

z=2zy+d, -t
and a sphere in the form of:

(x—x)+ -y +(z—z)* =17
The intersection points I; and I, can be calculated by combining the two equations.
(x0+dx-t—xc)2+(y0+dy-t—yc)2+(zo+dz-t—zc)2 =r2

Expanding this equation out:

x& + 2xgd,t — 2x9x. — 2d,x .t + d2t? + x2 +
¥§ + 2yodyt — 2yoy. — 2d,yct + dot? + yZ +
23 + 2zyd,t — 229z, — 2d,z .t + d2t? + z2 = r?

And grouping by t:

[d2 + d% + dZ] t* +
[de(xo - xc) + Zdy(yo - yc) + 2dz(ZO - Zc)] t
[x§ + xZ — 2x0x; + ¥§ + ¥Z — 2yoYe + 2§ + 28 — 2292, ] = 1*

A quadradic equation can be created in the form of:
at’+bt+c=0

Where:



a=d;+dj+d;
b= Z[dx(xo - xc) + dy(.VO - yc) + dZ(ZO - Zc)]
c=x2+x2—2x0x, + Y& + Y2 — 2Voy. + 28 + 22 — 224z, — 1?

¢ can be simplified as:
c=(xg—x)*+ o —¥)* + (20 — 2)* — 1

The values of t are then calculated using the quadratic formula.

. —b + Vb2 — 4ac
B 2a

The value(s) of t represent the distance along the parametric line of the intersection points. If both roots of t are
real (i.e. the discriminant is positive), the line intersects the sphere and the two values of t can be used to solve for
points I; and I,. If the roots are the same (i.e. the discriminant is 0) the line is tangential to the sphere and only
intersects at the one point. If both roots are complex (i.e. the discriminant is negative) the line does not intersect
the sphere.

Ixi =xO+dx'ti
Iyi =y0+dy'ti
[Zi =ZO+dZ'ti
Note: More intuition about the process can be gained by converting a, b, and c, to vector form and simplifying.
a=dod
b=2do(Py—0C)
c=(Pg—C)o(Py—C)—1?

Which breaks down to the equation:
(dt + (Po— )" =12

Looking at this visually, the process is apparent. We're calculating the location of I as summation of vectors that
meets the radius condition.




The vector Py — C gives the distance from the center of the sphere to the start point of the line and the vector dt
moves from the start of the line to the intersection point. A value of t must then be defined that makes the
magnitude of this vector sum equal to r.
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