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3.1 General Curve Fitting 
 
This section describes how to fit curves and surfaces to a set of data points.  These methods require a certain 
number of points for each particular model.  The resulting curve or surface will pass exactly through each of the 
points. 
 
3.1.1 Polynomial Curve Fit 
 
Description:  Polynomial curve fit determines the equation of an nth order polynomial that passes through n+1 
points.  Unlike polynomial regression, this method requires exactly n+1 data points and the resulting polynomial 
will pass through every point. 

 
 
The figure above shows four points defining a cubic.  The polynomial equation for a cubic is: 
ݕ  ൌ ଷݔܣ ൅ ଶݔܤ ൅ ݔܥ ൅  ܦ
 
The variables A‐D can be solved by a set of linear equations using the data from each of the points. 
ଵ ଷݔܣ  ൅ ଵ ଶݔܤ ൅ ଵݔܥ ൅ ܦ ൌ ଶ ଷݔܣ ଵݕ ൅ ଶ ଶݔܤ ൅ ଶݔܥ ൅ ܦ ൌ ଷ ଷݔܣ ଶݕ ൅ ଷ ଶݔܤ ൅ ଷݔܥ ൅ ܦ ൌ ସ ଷݔܣ ଷݕ ൅ ସ ଶݔܤ ൅ ସݔܥ ൅ ܦ ൌ  ସݕ
 
The equations are then converted to matrix form: 
 

ێێێۏ
ଵ ଷݔۍ ଵ ଶݔ ଵݔ ଶ ଷݔ1 ଶ ଶݔ ଶݔ ଷ ଷݔ1 ଷ ଶݔ ଷݔ ସ ଷݔ1 ସ ଶݔ ସݔ ۑۑۑے1

ې · ൦ܦܥܤܣ൪ ൌ ൦ݕଵݕଶݕଷݕସ൪ 

 
Solve for A‐D: 
 

൦ܦܥܤܣ൪ ൌ ێێێۏ
ଵ ଷݔۍ ଵ ଶݔ ଵݔ ଶ ଷݔ1 ଶ ଶݔ ଶݔ ଷ ଷݔ1 ଷ ଶݔ ଷݔ ସ ଷݔ1 ସ ଶݔ ସݔ ۑۑۑے1

ଵିې · ൦ݕଵݕଶݕଷݕସ൪ 

 
3.1.2 Polynomial Surface Fit 
 

P1 

P4 
P2 

P3 
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Description:  Polynomial surface fit determines the equation of an mth x nth order polynomial surface that passes 
through n*m+1 points.  Unlike bi‐polynomial regression, this method requires n*m+1 data points and the resulting 
polynomial surface will pass through every point. 

 
 
The image above represents a 2nd order surface with the equation: 
ݖ  ൌ ଶݔܣ ൅ ݕݔܤ ൅ ଶݕܥ ൅ ݔܦ ൅ ݕܧ ൅  ܨ
 
To define this surface there must be 6 linearly independent points.  To solve for the coefficients, the same process 
from the curve fitting is used.  The surface is represented as 6 linear equations and solved simultaneously. 
ଵ  ଶݔܣ  ൅ ଵݕଵݔܤ ൅ ଵ  ଶݕܥ ൅ ଵݔܦ ൅ ଵݕܧ ൅ ܨ ൌ ଶ  ଶݔܣ ଵݖ ൅ ଶݕଶݔܤ ൅ ଶ  ଶݕܥ ൅ ଶݔܦ ൅ ଶݕܧ ൅ ܨ ൌ ଷ  ଶݔܣ ଶݖ ൅ ଷݕଷݔܤ ൅ ଷ  ଶݕܥ ൅ ଷݔܦ ൅ ଷݕܧ ൅ ܨ ൌ ସ  ଶݔܣ ଷݖ ൅ ସݕସݔܤ ൅ ସ  ଶݕܥ ൅ ସݔܦ ൅ ସݕܧ ൅ ܨ ൌ ହ  ଶݔܣ ସݖ ൅ ହݕହݔܤ ൅ ହ  ଶݕܥ ൅ ହݔܦ ൅ ହݕܧ ൅ ܨ ൌ ଺  ଶݔܣ ହݖ ൅ ଺ݕ଺ݔܤ ൅ ଺  ଶݕܥ ൅ ଺ݔܦ ൅ ଺ݕܧ ൅ ܨ ൌ  ଺ݖ
 
In matrix form: 
 

ێێۏ
ێێێ
ଵ  ଶݔۍ ଵݕଵݔ ଵ  ଶݕ ଵݔ ଵݕ ଶ  ଶݔ1 ଶݕଶݔ ଶ  ଶݕ ଶݔ ଶݕ ଷ  ଶݔ1 ଷݕଷݔ ଷ  ଶݕ ଷݔ ଷݕ ସ  ଶݔ1 ସݕସݔ ସ  ଶݕ ସݔ ସݕ ହ  ଶݔ1 ହݕହݔ ହ  ଶݕ ହݔ ହݕ ଺  ଶݔ1 ଺ݕ଺ݔ ଺  ଶݕ ଺ݔ ଺ݕ ۑۑے1

ۑۑۑ
ې · ێێۏ

ۑۑےܨܧܦܥܤܣۍێێ
ېۑۑ ൌ ێێۏ

ۍێێ
ۑۑے଺ݖହݖସݖଷݖଶݖଵݖ

 ېۑۑ

 
Solve for A‐F by taking the inverse of the coefficient matrix. 
 

ێێۏ
ۑۑےܨܧܦܥܤܣۍێێ

ېۑۑ ൌ
ێێۏ
ێێێ
ଵ  ଶݔۍ ଵݕଵݔ ଵ  ଶݕ ଵݔ ଵݕ ଶ  ଶݔ1 ଶݕଶݔ ଶ  ଶݕ ଶݔ ଶݕ ଷ  ଶݔ1 ଷݕଷݔ ଷ  ଶݕ ଷݔ ଷݕ ସ  ଶݔ1 ସݕସݔ ସ  ଶݕ ସݔ ସݕ ହ  ଶݔ1 ହݕହݔ ହ  ଶݕ ହݔ ହݕ ଺  ଶݔ1 ଺ݕ଺ݔ ଺  ଶݕ ଺ݔ ଺ݕ ۑۑے1

ۑۑۑ
ଵିې

· ێێۏ
ۍێێ
ۑۑے଺ݖହݖସݖଷݖଶݖଵݖ

 ېۑۑ

 

3.2 Interpolation 
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Interpolation is the process of extracting information from a set of data between the data points.  It involves 
determining a mathematical model to fit the collected data and then solving the prediction equation at a location 
where information is desired.  Typically linear models are used, but there are countless others, polynomial, 
sinusoidal, spline, etc.  Several are discussed in this section. 
 
3.2.1 Linear Interpolation 
 
Description:  Linear interpolation determines the value of a given point by taking a weighted average of the two 
neighboring points based on the distance from each of those points. 
 P ՜ ሺx , yሻ Pଵ ՜ ሺxଵ , yଵሻ Pଶ ՜ ሺxଶ , yଶሻ 

 
The distance from Pଵ to P and the distance from Pଵ to Pଶ are proportional between the x and y directions for a 
linear system. 
 y െ yଵyଶ െ yଵ ൌ x െ xଵxଶ െ xଵ 
 
Given the value of x, the value of y can be solved for with some simple algebra. 
ݕ  ൌ ൬ ݔ െ ଶݔଵݔ െ ଵ൰ݔ · ሺݕଶ െ ଵሻݕ ൅  ଵݕ

 
3.2.2 Polynomial Interpolation 
 
Description:  Polynomial interpolation determines the value of a given point by fitting an nth order polynomial 
though n+1 points surrounding the given value.   The example below shows a 3rd order polynomial fit through 4 
points. 
 

P ՜ ሺx , yሻ P୬ ՜ ሺx୬ , y୬ሻ 

 
The equation for a 3rd order polynomial is: 
ݕ  ൌ ଷݔܣ ൅ ଶݔܤ ൅ ݔܥ ൅  ܦ
 
The values of ܣ, ,ܤ  are solved for by solving a set of linear equations using the method described ܦ and ,ܥ
Polynomial Curve Fit (Section 3.1.1).   
ଵ ଷݔܣ  ൅ ଵ ଶݔܤ ൅ ଵݔܥ ൅ ܦ ൌ  ଵݕ

P1 

P4 
P2 

P3 

P 

P1 

P2 

P 
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ଶ ଷݔܣ ൅ ଶ ଶݔܤ ൅ ଶݔܥ ൅ ܦ ൌ ଷ ଷݔܣ ଶݕ ൅ ଷ ଶݔܤ ൅ ଷݔܥ ൅ ܦ ൌ ସ ଷݔܣ ଷݕ ൅ ସ ଶݔܤ ൅ ସݔܥ ൅ ܦ ൌ  ସݕ
 
Once the variables ܣ, ,ܤ  to the polynomial equation and ݔ is calculated by plugging in ݕ ,are calculated ܦ and ,ܥ
solving. 
 
See also:   
- Polynomial Curve Fit (Section 3.1.1) 
 
3.2.3 Spline Interpolation 
 
[TBD] 
 
3.2.4 Bilinear Interpolation 
 
Description:  Bilinear interpolation determines the value at a given point by taking the average of the four closest 
neighbors weighted by distance from the new point.  This particular algorithm requires that points be monotonic 
and regularly spaced (like pixels in an image).  For data that is not evenly spaced, use Irregular Bilinear 
Interpolation (Section 3.2.5) or Triangular Interpolation (Section 3.2.7). 
 

Location of Pixels: ܲ ՜ ሺݔ, ሻ ௠ܲ,௡ݕ ՜ ሺݔ௠,  ௡ሻݕ
 
Values of Pixels: ܲ ՜ ܸ ௠ܲ,௡ ՜ ௠ܸ,௡ 

 
The figure above shows bilinear interpolation for an image.  Point ܲ is the location of a new pixel, while the values ଴ܲ,଴ െ ଴ܲ,ଵ are the original pixels in the image that surround the new point.  The values ݀ݔ and ݀ݕ represent the 
percent offsets from the top left pixel. 
ݔ݀  ൌ ݔ െ ଵݔ଴ݔ െ ݕ݀ ଴ andݔ ൌ ݕ െ ଵݕ଴ݕ െ  ଴ݕ

 
The value of the new pixel is calculated by taking weighted averages of the surrounding pixels using the offsets ݀ݔ 
and ݀ݕ. 
 ܸ ൌ ଴ܸ,଴ · ሺ1 െ ሻݔ݀ · ሺ1 െ ሻݕ݀  ൅଴ܸ,ଵ · ሺ݀ݔሻ · ሺ1 െ ሻݕ݀  ൅ଵܸ,଴ · ሺ1 െ ሻݔ݀ · ሺ݀ݕሻ  ൅ଵܸ,ଵ · ሺ݀ݔሻ · ሺ݀ݕሻ               

 
3.2.5 Irregular Bilinear Interpolation 
 
Description:  Irregular bilinear interpolation determines the value at a given point by taking the weighted average 
of its four closest neighbors.  This algorithm is nonlinear and more computationally intensive than standard 
bilinear interpolation.  If the data being interpolated is regularly spaced use the standard version, Bilinear 
Interpolation (Section 3.2.4) 
 

dx 

dy 

P0,0 

P1,1

P 

P0,1

P1,0 



Property of ahinson.com Last Update June 3, 2007 Page 7 of 22
 

The figure below show an irregular point set.  Points P represents the new point and points 1‐4 are the bounding 
points.  The distance s is the percentage along the vertical sides to point P, the distance t is the horizontal.  Points 
A‐D are intermediate points used for calculation.   
 

 
 
The edges are represented as parametric lines using the equations: 
ݔ  ൌ ଴ݔ ൅ ߙ · ݕ ݐ ൌ ଴ݕ ൅ ߚ ·  ݐ
 
The intermediate points ܦ ‐ ܣ can be described in terms of parametric lines through the corner points ଵܲ ‐ ସܲ. 
 

Point A Point Aܣ௫ ൌ ଵݔ ൅ ଷଵݔ · ௬ܣݐ ൌ ଵݕ ൅ ଷଵݕ ·   ݐ
௫ܤ ൌ ଶݔ ൅ ସଶݔ · ௬ܤݐ ൌ ଶݕ ൅ ସଶݕ ·  ݐ

 
Point C Point Dܥ௫ ൌ ଵݔ ൅ ଶଵݔ · ௬ܥݏ ൌ ଵݕ ൅ ଶଵݕ ·   ݏ

௫ܦ ൌ ଷݔ ൅ ସଷݔ · ௬ܦݏ ൌ ଷݕ ൅ ସଷݕ ·  ݏ
 
Where the intermediate variables are defined as: 
ଷଵݔ  ൌ ଷݔ െ ଷଵݕଵݔ ൌ ଷݕ െ ସଶݔ ଵݕ ൌ ସݔ െ  ଶݔ

… 
 
Using points ܦ ‐ ܣ the point ܲ can be solved for by two different parametric lines. 
 ௫ܲ ൌ ௫ܣ ൅ ሺܤ௫ െ ௫ሻܣ · ௬ܲݏ ൌ ௬ܣ ൅ ൫ܤ௬ െ ௬൯ܣ ·  ݏ

and ௫ܲ ൌ ௫ܥ ൅ ሺܦ௫ െ ௫ሻܥ · ௬ܲ ݐ ൌ ௬ܥ ൅ ൫ܦ௬ െ ௬൯ܥ ·  ݐ
 
The value of ܲ can be attained by solving either pair of these equations, but there are conditions that only one or 
the other set will give a viable answer. 
 
Method 1 
 
Using the first set of equations the value of ݏ can be formulated by rearranging the equation for ݕ௉. 
 

௬ܲ ൌ ௬ܣ ൅ ൫ܤ௬ െ ௬൯ܣ · ݏ ՜ ݏ ൌ ௬ܲ െ ௬ܤ௬ܣ െ  ௬ܣ

 
The value of ݏ can then be plugged into the equation for ݔ௉. 

P1

P2 

P3 P4

A 

C 

D 

B 
P 

s

s 

t 

t
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௫ܲ ൌ ௫ܣ ൅ ሺܤ௫ െ ௫ሻܣ · ቆ ௬ܲ െ ௬ܤ௬ܣ െ  ௬ቇܣ

 
This equation is then rearranged: 
 0 ൌ ሺܤ௫ െ ௫ሻ൫ܣ ௬ܲ െ ௬൯ܣ െ ሺ ௫ܲ െ ௬ܤ௫ሻ൫ܣ െ  ௬൯ܣ
 
The values of ܣ௫, ܤ௫, ܣ௬, and ܤ௬ are plugged in to place the solution in terms of ݐ. 
 0 ൌ ൫ሺݔଶ ൅ ସଶݔ · ሻݐ െ ሺݔଵ ൅ ଷଵݔ · ሻ൯ݐ ቀ ௬ܲ െ ሺݕଵ ൅ ଷଵݕ · ሻቁݐ െ ൫ ௫ܲ െ ሺݔଵ ൅ ଷଵݔ · ଶݕሻ൯൫ሺݐ ൅ ସଶݕ · ሻݐ െ ሺݕଵ ൅ ଷଵݕ ·  ሻ൯ݐ

 
Through a significant bit of algebra this equation can be condensed and factored into the terms of the second 
order polynomial: 
ଶݐܣ  ൅ ݐܤ ൅ ܥ ൌ 0 
 
Where the variables ܥ ‐ ܣ are: 
ܣ  ൌ ସଶݕଷଵݔ െ ܤସଶݔଷଵݕ ൌ ௬ܲሺݔସଶ െ ଷଵሻݔ െ ௫ܲሺݕସଶ െ ଷଵሻݕ ൅ ଶݕଷଵݔ െ ଶݔଷଵݕ ൅ ସଶݕଵݔ െ ܥ ସଶݔଵݕ ൌ ௬ܲݔଶଵ െ ௫ܲݕଶଵ ൅ ଶݕଵݔ െ  ଵݕଶݔ
 
The value of ݐ can be solved for using the quadratic equation: 
 ሺݐଵ, ଶሻݐ ൌ െܤ േ ଶܤ√ െ ܥ2ܥܣ4  

 
Since this equation is quadratic, it is likely that two separate roots will be found when solving the equation.  When 
the object of this method is interpolation (not extrapolation), determining which factor is real and which is false is 
simple.  For any interpolation the value of ݐ must be between 0 and 1. 
 
Using the value of ݐ the value of ݏ can be solved for using the value of ݐ. 
ݏ  ൌ ௬ܲ െ ௬ܤ௬ܣ െ ݏ ௬ ՜ܣ ൌ ௬ܲ െ ଵݕ െ ଶݕݐଷଵݕ ൅ ݐସଶݕ െ ଵݕ െ  ݐଷଵݕ

 
After calculating the ݏ and ݐ values, the value at point ܲ is calculated using the standard bilinear interpolation 
formula. 
 ܲ ൌ ଵܲ · ሺ1 െ ሻݏ · ሺ1 െ ሻݐ  ൅ଶܲ · ሺݏሻ · ሺ1 െ ሻݐ  ൅ଷܲ · ሺ1 െ ሻݏ · ሺݐሻ  ൅ସܲ · ሺݏሻ · ሺݐሻ               

 
Method 2 
 
If the vertical uprights of the interpolation area are parallel, the solution for the quadratic equation will return 
complex values.  If this occurs a second method focusing on the horizontal sections of the viewing area can be used 
instead. 
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The same calculations from the first method are used but with the points ܥ and ܦ instead.  Following the same 
calculations, the values of the quadratic coefficients become: 
ܣ  ൌ ସଷݕଶଵݔ െ ܤସଷݔଶଵݕ ൌ ௬ܲሺݔସଷ െ ଶଵሻݔ െ ௫ܲሺݕସଷ െ ଶଵሻݕ ൅ ସଷݕଵݔ െ ସଷݔଵݕ ൅ ଷݕଶଵݔ െ ܥ ଷݔଶଵݕ ൌ ௬ܲݔଷଵ െ ௫ܲݕଷଵ ൅ ଷݕଵݔ െ  ଵݕଷݔ
 
The value of ݏ is then calculated using the quadratic equation. 
 ሺݏଵ, ଶሻݏ ൌ െܤ േ ଶܤ√ െ ܥ2ܥܣ4  

 
The value of ݐ can be solved for  
ݐ  ൌ ௬ܲ െ ௬ܦ௬ܥ െ ݐ ௬ ՜ܥ ൌ ௬ܲ െ ଵݕ െ ଶଵݕ · ଷݕݏ ൅ ସଷݕ · ݏ െ ଵݕ െ ଶଵݕ ·  ݏ

 
And ݏ and ݐ can be used in the standard bilinear interpolation formula listed above. 
 
Method 3 
 
If the interpolation area becomes a parallelogram, a third method is required to solve for the value at ܲ.   
 

 
 
With both pairs of edges parallel, the solution for the point ܲ becomes linear and only marginally more 
complicated than the standard bilinear interpolation method.  Take the original equations for ܣ and ܤ: 
௫ܣ  ൌ ଵݔ ൅ ଷଵݔ · ௬ܣݐ ൌ ଵݕ ൅ ଷଵݕ ·   ݐ

௫ܤ ൌ ଶݔ ൅ ସଶݔ · ௬ܤݐ ൌ ଶݕ ൅ ସଶݕ ·  ݐ
 
And the solution for ܲ given ܣ and ܤ: 

P1 
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P3 

P4
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 ௫ܲ ൌ ௫ܣ ൅ ሺܤ௫ െ ௫ሻܣ · ௬ܲݏ ൌ ௬ܣ ൅ ൫ܤ௬ െ ௬൯ܣ ·  ݏ
 
Plugging in the values for ܣ and ܤ gives: 
 ௫ܲ ൌ ଵݔ ൅ ݐଷଵݔ ൅ ݏଶݔ ൅ ݐݏଷଵݔ െ ݏଵݔ െ ௬ܲݐݏସଶݔ ൌ ଵݕ ൅ ݐଷଵݕ ൅ ݏଶݕ ൅ ݐݏଷଵݕ െ ݏଵݕ െ  ݐݏସଶݕ
 
But since edges ଵܲ ଷܲ and ଶܲ ସܲ are parallel, ݔଷଵ ൌ ଷଵݕ ସଶ andݔ ൌ  ସଶ. This makes the cross terms cancel out andݕ
the remaining equations are: 
 ௫ܲ ൌ ଵݔ ൅ ݐଷଵݔ ൅ ሺݔଶ െ ௬ܲݏଵሻݔ ൌ ଵݕ ൅ ݐଷଵݕ ൅ ሺݕଶ െ  ݏଵሻݕ
 
This system can now be solved as a set of linear equations. 
 ቂݔଶଵ ଶଵݕଷଵݔ ଷଵቃݕ · ቂݐݏቃ ൌ ൤ ௫ܲ െ ଵ௬ܲݔ െ  ଵ൨ݕ

 
Error Conditions 
 
As mentioned earlier, the quadratic solution for the ݏ and ݐ variables presents the problem of solving for the 
incorrect roots.  The phenomenology of this occurrence is shown below. 

 
 
The blue dashed lines and boxes indicate the results from the correct roots.  The point P is solved for using values 
of ݏ and ݐ that are between 0 and 1.  The red boxes and dashed lines show the results from the other solution to 
this quadratic.  At the values of ܣᇱ, ܤԢ, ܥᇱ, and ܦᇱ the lines formed still intersect at point ܲ, but the values make 
less sense.  In particular the horizontal intersection line ܤܣ has now become the vertical and vise versa. 
 
Another problem that can arise is the condition of parallel lines in the interpolation region.  This condition is what 
drives the need for multiple solution methods.  Of course, there is the condition of a rectangular region, or more 
generally a parallelogram, which would cause both methods to fail.  This condition must be checked for explicitly. 
 
For the vertical edges of the search region, the parallelism condition can be checked for using the cross product of 
the two vertical edges. 
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If   ሺݔଷ െ ସݕଵሻሺݔ െ ଶሻݕ െ ሺݔସ െ ଷݕଶሻሺݔ െ ଵሻݕ ൌൌ 0   then   ܸ݁ݏ݁݊݅ܮݐݎ ൌ  ݈݈݈݁ܽݎܽܲ
 
Likewise for the horizontal edges the cross product can be used to determine parallelism. 
 

If   ሺݔଶ െ ସݕଵሻሺݔ െ ଷሻݕ െ ሺݔସ െ ଶݕଷሻሺݔ െ ଵሻݕ ൌൌ 0   then   ݏ݁݊݅ܮݖݎ݋ܪ ൌ  ݈݈݈݁ܽݎܽܲ
 
The processing structure uses this information to determine which method to use when performing the 
interpolation.  The processing logic is as follows: 
 if ሺܸ݁ݏ݁݊݅ܮݐݎ ് ݏ݁݊݅ܮݖݎ݋ܪሻ & ሺ݈݈݈݁ܽݎܽܲ ് ሻ݈݈݈݁ܽݎܽܲ  ՜ use Method 1 if ሺܸ݁ݏ݁݊݅ܮݐݎ ് ݏ݁݊݅ܮݖݎ݋ܪሻ & ሺ݈݈݈݁ܽݎܽܲ ൌ ሻ݈݈݈݁ܽݎܽܲ  ՜ use Method 1 if ሺܸ݁ݏ݁݊݅ܮݐݎ ൌ ݏ݁݊݅ܮݖݎ݋ܪሻ & ሺ݈݈݈݁ܽݎܽܲ ് ሻ݈݈݈݁ܽݎܽܲ  ՜ use Method 2 if ሺܸ݁ݏ݁݊݅ܮݐݎ ൌ ݏ݁݊݅ܮݖݎ݋ܪሻ & ሺ݈݈݈݁ܽݎܽܲ ൌ ሻ݈݈݈݁ܽݎܽܲ  ՜ use Method 3 
 
3.2.6 Bicubic Interpolation 
 
Description:  Bicubic interpolation determines the value at a given point by interpolating values from the 16 
neighboring pixels using cubic polynomials in two directions.  This algorithm requires that points be monotonic and 
evenly spaced (like pixels in an image).  For data that is not evenly spaced, use Irregular Bilinear Interpolation 
(Section 3.2.5) or Triangular Interpolation (Section 3.2.7). 
 
A typical pixel grid is show below.  The black dots represent the centers of the pixels.  The blue dot represents the 
location of the new pixel relative to the original pixel grid.  The offsets from the top left pixel are shown by the 
values of ݀ݔ and ݀ݕ. 
 

 
 
Bicubic interpolation creates a series of four cubics through the points of each row.  These cubics are then solved 
at the points ܴ଴ െ ܴଷ shown in red below in the figure below.  These four values then make up the vertical cubic 
which is solved at ݀ݕ to get the value of the point ܲ.  The local pixel coordinates are shown on the edges of the 
grid in blue. 
 

P00 P01 P02 P03

P10 P11 P12 P13

P20 P21 P22 P23

P30 P31 P32 P33

dx

dy P
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For an image, the spacing between pixels is assumed to be 1 unit so ݀ݔ and ݀ݕ can be solved for by subtracting the 
x and y components of point ଵܲଵ from point ܲ. 

ݔ݀  ൌ ௫ܲ െ ଵܲଵ௫ ݀ݕ ൌ ௬ܲ െ ଵܲଵ௬ 
 
For grid spacing that is not unitized, ݀ݔ and ݀ݕ would be solved for using linear interpolation between ଵܲଵ and ଵܲଶ 
and ଵܲଵ and ଶܲଵ, respectively.  
 
The first step of the algorithm is to solve for the pixel values of ܴ଴ െ ܴଷ. 
 
Starting with the equation of a cubic: 
ݕ  ൌ ଷݔܣ ൅ ଶݔܤ ൅ ݔܥ ൅  ܦ
 
Solve for the coefficients ܣ െ  of the cubic equation for each row.  The x position across the image is the ܦ
independent variable and the pixel intensity is the dependent.  This is shown for the first row below: 
 ଴ܲ଴ ൌ ଴  ଷݔ଴ܣ ൅ ଴  ଶݔ଴ܤ ൅ ଴ݔ଴ܥ ൅ ଴ ଴ܲଵܦ ൌ ଵ  ଷݔ଴ܣ ൅ ଵ  ଶݔ଴ܤ ൅ ଵݔ଴ܥ ൅ ଴ ଴ܲଶܦ ൌ ଶ  ଷݔ଴ܣ ൅ ଶ  ଶݔ଴ܤ ൅ ଶݔ଴ܥ ൅ ଴ ଴ܲଷܦ ൌ ଷ  ଷݔ଴ܣ ൅ ଷ  ଶݔ଴ܤ ൅ ଷݔ଴ܥ ൅  ଴ܦ
 
Expanded to matrix form: 
 

ሾܣ଴ ଴ܤ ଴ܥ ଴ሿܦ · ൦ݔ଴  ଷ ଵ  ଷݔ ଶ  ଷݔ ଴  ଶݔଷ  ଷݔ ଵ  ଶݔ ଶ  ଶݔ ଴ݔ ଷ  ଶݔ ଵݔ ଶݔ ଷ1ݔ 1 1 1 ൪ ൌ ሾ ଴ܲ଴ ଴ܲଵ ଴ܲଶ ଴ܲଷሿ 

 
The matrix equations can be further expanded to solve for all four coefficient rows simultaneously. 
 

൦ܣ଴ ଴ܤ ଴ܥ ଵܣ଴ܦ ଵܤ ଵܥ ଶܣଵܦ ଶܤ ଶܥ ଷܣଶܦ ଷܤ ଷܥ ଷ൪ܦ · ൦ݔ଴  ଷ ଵ  ଷݔ ଶ  ଷݔ ଴  ଶݔଷ  ଷݔ ଵ  ଶݔ ଶ  ଶݔ ଴ݔ ଷ  ଶݔ ଵݔ ଶݔ ଷ1ݔ 1 1 1 ൪ ൌ ൦ ଴ܲ଴ ଴ܲଵ ଴ܲଶ ଴ܲଷଵܲ଴ ଵܲଵ ଵܲଶ ଵܲଷଶܲ଴ ଶܲଵ ଶܲଶ ଶܲଷଷܲ଴ ଷܲଵ ଷܲଶ ଷܲଷ൪ 

 
Solving for the cubic coefficients: 
 

P00 P01 P02 P03

P10 P11 P12 P13

P20 P21 P22 P23

P30 P31 P32 P33

×

×

×

×

R0 

R1 

R2 

R3 

‐1 0 1 2 

‐1 

0 

1 

2 

P
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൦ܣ଴ ଴ܤ ଴ܥ ଵܣ଴ܦ ଵܤ ଵܥ ଶܣଵܦ ଶܤ ଶܥ ଷܣଶܦ ଷܤ ଷܥ ଷ൪ܦ ൌ ൦ ଴ܲ଴ ଴ܲଵ ଴ܲଶ ଴ܲଷଵܲ଴ ଵܲଵ ଵܲଶ ଵܲଷଶܲ଴ ଶܲଵ ଶܲଶ ଶܲଷଷܲ଴ ଷܲଵ ଷܲଶ ଷܲଷ൪ · ൦ݔ଴  ଷ ଵ  ଷݔ ଶ  ଷݔ ଴  ଶݔଷ  ଷݔ ଵ  ଶݔ ଶ  ଶݔ ଴ݔ ଷ  ଶݔ ଵݔ ଶݔ ଷ1ݔ 1 1 1 ൪ିଵ
 

 
The X values are constant for this region so the ሾܺሿ coefficient matrix can be specified explicitly. 
 

ሾܺሿ ൌ ൦ݔ଴  ଷ ଵ  ଷݔ ଶ  ଷݔ ଴  ଶݔଷ  ଷݔ ଵ  ଶݔ ଶ  ଶݔ ଴ݔ ଷ  ଶݔ ଵݔ ଶݔ ଷ1ݔ 1 1 1 ൪ ൌ ൦െ1 0 1 81 0 1 4െ1 0 1 21 0 1 1൪ 

 
The inverse of ሾܺሿ becomes: 
 

ሾܺሿିଵ ൌ
ێێۏ
െۍێێ 1 6ൗ 1 2ൗ െ 1 6ൗ 01 2ൗ െ1 െ 1 2ൗ 1െ 1 2ൗ 1 2ൗ 1 01 6ൗ 0 െ 1 6ൗ ۑۑے0

 ېۑۑ

 
So the row cubic coefficients can be solved for by the values of the pixels and the ሾܺሿ inverse. 
 

൦ܣ଴ ଴ܤ ଴ܥ ଵܣ଴ܦ ଵܤ ଵܥ ଶܣଵܦ ଶܤ ଶܥ ଷܣଶܦ ଷܤ ଷܥ ଷ൪ܦ ൌ ൦ ଴ܲ଴ ଴ܲଵ ଴ܲଶ ଴ܲଷଵܲ଴ ଵܲଵ ଵܲଶ ଵܲଷଶܲ଴ ଶܲଵ ଶܲଶ ଶܲଷଷܲ଴ ଷܲଵ ଷܲଶ ଷܲଷ൪ ·
ێێۏ
െۍێێ 1 6ൗ 1 2ൗ െ 1 6ൗ 01 2ൗ െ1 െ 1 2ൗ 1െ 1 2ൗ 1 2ൗ 1 01 6ൗ 0 െ 1 6ൗ ۑۑے0

 ېۑۑ

 
Using the coefficients, the values of point ܴ଴ െ ܴଷ can be solved for at position ݀ݔ with the cubic equations: 
 ܴ଴ ൌ ଷݔ଴݀ܣ ൅ ଶݔ଴݀ܤ ൅ ݔ଴݀ܥ ൅ ଴ ܴଵܦ ൌ ଷݔଵ݀ܣ ൅ ଶݔଵ݀ܤ ൅ ݔଵ݀ܥ ൅ ଵ ܴଶܦ ൌ ଷݔଶ݀ܣ ൅ ଶݔଶ݀ܤ ൅ ݔଶ݀ܥ ൅ ଶ ܴଷܦ ൌ ଷݔଷ݀ܣ ൅ ଶݔଷ݀ܤ ൅ ݔଷ݀ܥ ൅  ଷܦ
 
Converted to matrix form: 
 

൦ܴ଴ܴଵܴଶܴଷ൪ ൌ ൦ܣ଴ ଴ܤ ଴ܥ ଵܣ଴ܦ ଵܤ ଵܥ ଶܣଵܦ ଶܤ ଶܥ ଷܣଶܦ ଷܤ ଷܥ ଷ൪ܦ · ൦݀ݔଷ݀ݔଶ݀1ݔ ൪ 

 
A vertical cubic must then be defined for the values of ܴ଴ െ ܴଷ.  Solving in the same fashion as before but with the 
vertical values: 
 

൦ܴ଴ܴଵܴଶܴଷ൪ ൌ ێێێۏ
ଵ ଷݕۍ ଵ ଶݕ ଵݕ ଶ ଷݕ1 ଶ ଶݕ ଶݕ ଷ ଷݕ1 ଷ ଶݕ ଷݕ ସ ଷݕ1 ସ ଶݕ ସݕ ۑۑۑے1

ې · ൦ܣ௏ܤ௏ܥ௏ܦ௏൪ 

 
Like the ሾܺሿ values, the ሾܻሿ values are constant and can be define explicitly: 
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ሾܻሿ ൌ ൦െ1 1 െ1 10 0 0 01 1 1 18 4 2 1൪ 

 
So the inverse of ሾܻሿ is: 
 

ሾܻሿିଵ  ൌ ێێۏ
െۍێ 1 6ൗ 1 2ൗ െ 1 2ൗ 1 6ൗ1 2ൗ െ1 1 2ൗ 0െ 1 3ൗ െ 1 2ൗ 1 െ 1 6ൗ0 1 0 0 ۑۑے

ېۑ
 

 
The final step is to solve for the pixel value at point ܲ by evaluating the vertical cubic at point ݀ݕ. 
 ܲ ൌ ଷݕ௏݀ܣ ൅ ଶݕ௏݀ܤ ൅ ݕ௏݀ܥ ൅  ܦ
 
In matrix form: 
 

ܲ ൌ ሾ݀ݕଷ ଶݕ݀ ݕ݀ 1ሿ ൦ܣ௏ܤ௏ܥ௏ܦ௏൪ 

 
Combining all of the matrix pieces together to form a single equation, ܲ can be solved for by: 
 

ܲ ൌ ሾ݀ݕଷ ଶݕ݀ ݕ݀ 1ሿ · ሾܻሿିଵ · ൦ ଴ܲ଴ ଴ܲଵ ଴ܲଶ ଴ܲଷଵܲ଴ ଵܲଵ ଵܲଶ ଵܲଷଶܲ଴ ଶܲଵ ଶܲଶ ଶܲଷଷܲ଴ ଷܲଵ ଷܲଶ ଷܲଷ൪ · ሾܺሿିଵ · ൦݀ݔଷ݀ݔଶ݀1ݔ ൪ 

 
3.2.7 Triangular Interpolation 
 
Description:  Triangular interpolation determines the value at a given point by interpolating values from the three 
neighboring points.  This method is particularly useful in interpolating irregularly spaced data.  Method was 
developed to interpolate data in triangular mesh structures. 
 
[TBD] 
 

3.3 Regression and Least Squares Minimization 
 
Regression is the process of using least squares minimization to statistically predict the mathematical model for a 
set of data.  This process involves minimizing the error between the predicted equation and the sample data.  The 
results of regression analysis are very typically used to determine an interpolation model to fill in missing data in a 
data set. 
 
3.3.1 Least Squares Minimization  
 
Least squares minimization is an approach for determining an equation for a set of observed data.  The process 
involves determining a mathematical model (linear, polynomial, etc.) and adjusting the parameters of the equation 
to minimize the residuals (or errors) between the observed data and the math model.  The sum of the residuals ሺ߳ሻ 
is calculated by taking the square of the difference between the equation and the observed data for every point 
and summing the results. 
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 ߳ ൌ ෍ሺ݂ሺݔ௜ሻ െ ௜ሻଶ௡ݕ
௜ୀଵ  

 
The minimum error value is found by setting the derivative of the residuals equation equal to zero.  
ݕ݀߳݀  ൌ 0 

 
The equation ݂ሺݔሻ is nearly always multivariate so for the derivative of the residuals to be zero, the partial 
derivatives of all of its components must be zero as well.  For instance in the case of a line: 
 ݂ሺݔሻ ൌ ݔܣ ൅  ܤ
 
The partial derivatives of ߳ with respect to each of the coefficients must be equal to zero: 
 

 
ܣ݀߳݀ ൌ 0 and 

ܤ݀߳݀ ൌ 0  

 
Each of the partial derivatives becomes an equation in the least squares solution and then the coefficients are 
calculated by simply solving the system of equations.  For the linear equation above: 
ܣ݀߳݀  ൌ ෍ሺݔܣ௜ ൅ ܤ െ ௜ሻ௡ݕ

௜ୀଵ · ௜ݔ ൌ 0 and 
ܤ݀߳݀ ൌ ෍ሺݔܣ௜ ൅ ܤ െ ௜ሻ௡ݕ

௜ୀଵ ൌ 0 

 
The equations above reduce to a pair of equations with ܣ and ܤ as the unknowns. 
ܣ  ൭෍ ௜ ଶ௡ݔ

௜ୀଵ ൱ ൅ ܤ ൭෍ ௜௡ݔ
௜ୀଵ ൱ ൌ  ௜ݔ௜ݕ

ܣ ൭෍ ௜௡ݔ
௜ୀଵ ൱ ൅ ܤ ൭෍ 1௡

௜ୀଵ ൱ ൌ  ௜ݕ
 
The solution of ܣ and ܤ represents the optimal line for the data set.  For more detail on linear regression see 
Linear Regression (Section 3.3.2). 
 
3.3.2 Linear Regression 
 
Description:  Linear regression calculates the equation of a line from a set of 2 or more data points.  The line is 
determined by minimizing the residuals (or errors) between the line and the original points using least squares 
minimization. 
 
This method of linear regression only works in two dimensions and non‐vertical lines.  For the 3D lines and vertical 
2D lines, use Parametric Linear Regression (Section 3.3.4). 
 

 
 
The least squares minimization equation is: 
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 ߳ ൌ ෍ሺ݂ሺݔ௜ሻ െ ௜ሻଶ௡ݕ
௜ୀଵ  

 
Where ݕ௜ are the observed values and ݂ሺݔ௜ሻ is the y‐value of the line at ݔ௜.  The equation of a 2D line is: 
ݕ  ൌ ݔܣ ൅  ܤ
 
Plugging this value in to the regression equation gives 
 ߳ ൌ ෍ሺݔܣ ൅ ܤ െ ௜ሻଶ௡ݕ

௜ୀଵ  

 
To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the 
partial derivatives with respect to each coefficient must be equal to zero. 
ܣ݀߳݀  ൌ ෍ሺݔܣ௜ ൅ ܤ െ ௜ሻ௡ݕ

௜ୀଵ · ௜ݔ ൌ ܤ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ൅ ܤ െ ௜ሻ௡ݕ
௜ୀଵ ൌ 0 

 
These equations can be expressed in matrix form: 
 

൦෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ݔ ෍ 1 ൪ · ቂܤܣቃ ൌ  ൦෍ ௜෍ݔ௜ݕ ௜ݕ ൪ 

 
Solving for ܣ and ܤ: 
 

ቂܤܣቃ ൌ ൦෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ݔ ෍ 1 ൪ିଵ · ൦෍ ௜෍ݔ௜ݕ ௜ݕ ൪ 

 
 
 
See also:  
- Least Squares Minimization (Section 3.3.1) 
 
3.3.3 Polynomial Regression 
 
Description:  Polynomial regression calculates an nth order polynomial from n+1 or more data points.  The nth order 
polygon is calculated by minimizing the residuals (or errors) between the polynomial and the original points using 
least squares minimization.  The figure below shows the regression of a quadratic curve. 
 



Property of ahinson.com Last Update June 3, 2007 Page 17 of 22
 

 
 
The least squares minimization equation is: 
 ߳ ൌ ෍ሺ݂ሺݔ௜ሻ െ ௜ሻଶ௡ݕ

௜ୀଵ  

 
Where ݕ௜ are the observed values and ݂ሺݔ௜ሻ is the y‐value of the polynomial at ݔ௜.  The equation of the quadratic 
is: 
ݕ  ൌ ଶݔܣ ൅ ݔܤ ൅  ܥ
 
Plugging this value in to the regression equation gives 
 ߳ ൌ ෍ሺݔܣଶ ൅ ݔܤ ൅ ܥ െ ௜ሻଶ௡ݕ

௜ୀଵ  

 
To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the 
partial derivatives with respect to each coefficient must be equal to zero. 
ܣ݀߳݀  ൌ ෍ሺݔܣଶ ൅ ݔܤ ൅ ܥ െ ௜ሻ௡ݕ

௜ୀଵ · ௜ ଶݔ ൌ ܤ݀߳݀ 0 ൌ ෍ሺݔܣଶ ൅ ݔܤ ൅ ܥ െ ௜ሻ௡ݕ
௜ୀଵ · ௜ݔ ൌ ܥ݀߳݀ 0 ൌ ෍ሺݔܣଶ ൅ ݔܤ ൅ ܥ െ ௜ሻ௡ݕ

௜ୀଵ ൌ 0 

 
These equations can be expressed in matrix form: 
 

ێێۏ
෍ۍێێ ௜ ସݔ ෍ ௜ଷݔ ෍ ௜ ଶ෍ݔ ௜ ଷݔ ෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ ଶݔ ෍ ௜ݔ ෍ 1 ۑۑے

ېۑۑ · ൥ܥܤܣ൩ ൌ ێێۏ 
෍ۍێێ ௜ ଶ෍ݔ௜ݕ ௜෍ݔ௜ݕ ௜ݕ ۑۑے

 ېۑۑ

 
Solving for ܣ,  :ܥ and ,ܤ
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൥ܥܤܣ൩ ൌ ێێۏ
෍ۍێێ ௜ ସݔ ෍ ௜ଷݔ ෍ ௜ ଶ෍ݔ ௜ ଷݔ ෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ ଶݔ ෍ ௜ݔ ෍ 1 ۑۑے

ېۑۑ
ିଵ

· ێێۏ 
෍ۍێێ ௜ ଶ෍ݔ௜ݕ ௜෍ݔ௜ݕ ௜ݕ ۑۑے

 ېۑۑ

 
 
This form is consistent for any order polynomial.  For instance a 5th order polynomial: 
ݕ  ൌ ହݔܣ ൅ ସݔܤ ൅ ଷݔܥ ൅ ଶݔܦ ൅ ݔܧ ൅  ܨ
 
Works out to be: 
 

ێێۏ
ۑۑےܨܧܦܥܤܣۍێێ

ېۑۑ ൌ
ێێۏ
ێێێ
ێێێ
෍ۍێێ ௜ ଵ଴ݔ ෍ ௜ ଽݔ ෍ ଼ ௜ݔ ෍ ௜ ଻ݔ ෍ ௜ ଺ݔ ෍ ௜ ହ෍ݔ ௜ ଽݔ ෍ ଼ ௜ݔ ෍ ௜ ଻ݔ ෍ ௜ ଺ݔ ෍ ௜ ହݔ ෍ ௜ ସ෍ݔ ଼ ௜ݔ ෍ ௜ ଻ݔ ෍ ௜ ଺ݔ ෍ ௜ ହݔ ෍ ௜ ସݔ ෍ ௜ ଷ෍ݔ ௜ ଻ݔ ෍ ௜ ଺ݔ ෍ ௜ ହݔ ෍ ௜ ସݔ ෍ ௜ ଷݔ ෍ ௜ ଶ෍ݔ ௜ ଺ݔ ෍ ௜ ହݔ ෍ ௜ ସݔ ෍ ௜ ଷݔ ෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ ହݔ ෍ ௜ ସݔ ෍ ௜ ଷݔ ෍ ௜ ଶݔ ෍ ௜ݔ ෍ 1 ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ

ିଵ

·
ێێۏ
ێێێ
ێێێ
෍ۍێێ ௜ ହ෍ݔ௜ݕ ௜ ସ෍ݔ௜ݕ ௜ ଷ෍ݔ௜ݕ ௜ ଶ෍ݔ௜ݕ ௜෍ݔ௜ݕ ௜ݕ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ
 

 
The general form of the polynomial regression equation works out to be: 
 

൦ܥଵܥଶܥڭ௡൪ ൌ
ێێۏ
ێێێ
ۍ ෍ ௜ ଶ·௡ݔ ڮ ෍ ௜ ௡ାଵݔ ෍ ڭ௜ ௡ݔ ڰ ڭ ෍ڭ ௜ ௡ାଵݔ ڮ ෍ ௜ ଶݔ ෍ ௜෍ݔ ௜ ௡ݔ ڮ ෍ ௜ݔ ݊ ۑۑے

ۑۑۑ
ଵିې

·
ێێۏ
ێێێ
෍ۍ ෍ڭ௜ ௡ݔ௜ݕ ௜෍ݔ௜ݕ ௜ݕ ۑۑے

ۑۑۑ
ې
 

 
Where ݊ is the order of the polynomial and ܥଵ െ  .௡ are its coefficientsܥ
 
See also:  
- Least Squares Minimization (Section 3.3.1) 
 
3.3.4 Parametric Linear Regression 
 
Description:  Parametric linear regression is the process of determining a line using the parametric line equations.  
This method is applicable for any dimensionality of line and does not have the shortcomings that standard linear 
regression has.  The line is determined by minimizing the residuals (or errors) between the line and the original 
points using least squares minimization. 
 
The figure below represents a set of 3 dimensional points.  The residuals measured with respect to the line 
direction, as opposed to a particular axis like the earlier regression techniques. 
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The parametric equations for a 3D line are: 
ݔ  ൌ ଴ݔ ൅ ߙ · ݕ ݐ ൌ ଴ݕ ൅ ߚ · ݖ ݐ ൌ ଴ݖ ൅ ߛ ·  ݐ
 
[TBD] 
 
3.3.5 Bilinear Regression (a.k.a Multilinear Regression) 
 
Definition:  Bilinear regression calculates the best fit plane through a group of 3 or more data points.  The plane is 
calculated by minimizing the residuals (or errors) between the plane and the original points using least squares 
minimization. 
 

 
 
The least squares minimization equation is: 
 ߳ ൌ ෍ሺ݂ሺݔ௜, ௜ሻݕ െ ௜ሻଶ௡ݖ

௜ୀଵ  

 
Where ݖ௜ are the observed values and ݂ሺݔ௜, ,௜ݔ ௜ሻ is the y‐value of the surface atݕ  :௜.  The equation of the plane isݕ
ݖ  ൌ ݔܣ ൅ ݕܤ ൅  ܥ
 
Plugging this value in to the regression equation gives 
 ߳ ൌ ෍ሺݔܣ௜ ൅ ௜ݕܤ ൅ ܥ െ ௜ሻଶ௡ݖ

௜ୀଵ  

 
To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the 
partial derivatives with respect to each coefficient must be equal to zero. 
ܣ݀߳݀  ൌ ෍ሺݔܣ௜ ൅ ௜ݕܤ ൅ ܥ െ ௜ሻ௡ݖ

௜ୀଵ · ௜ݔ ൌ ܤ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ൅ ௜ݕܤ ൅ ܥ െ ௜ሻ௡ݖ
௜ୀଵ · ௜ݕ ൌ ܥ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ൅ ௜ݕܤ ൅ ܥ െ ௜ሻ௡ݖ

௜ୀଵ ൌ 0 
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These equations can be expressed in matrix form: 
 

ێێۏ
ۍێێ ෍ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜෍ݔ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜෍ݕ ௜ݔ ෍ ௜ݕ ෍ 1 ۑۑے

ېۑۑ · ൥ܥܤܣ൩ ൌ ێێۏ 
෍ۍێێ ௜෍ݖ௜ݔ ௜෍ݖ௜ݕ ௜ݖ ۑۑے

 ېۑۑ

 
Solving for ܣ,  :ܥ and ,ܤ
 

൥ܥܤܣ൩ ൌ ێێۏ
ۍێێ ෍ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜෍ݔ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜෍ݕ ௜ݔ ෍ ௜ݕ ෍ 1 ۑۑے

ېۑۑ
ିଵ

· ێێۏ
෍ۍێێ ௜෍ݖ௜ݔ ௜෍ݖ௜ݕ ௜ݖ ۑۑے

 ېۑۑ

 
See also:  
- Least Squares Minimization (Section 3.3.1) 
 
3.3.6 Bi‐polynomial Regression 
 
Definition:  Bi‐polynomial regression calculates a best fit polynomial surface through a group of n or more data 
points (where n represents the total number of variables in the polynomial surface equation).  The surface is 
calculated by minimizing the residuals (or errors) between the surface and the original points using least squares 
minimization.  The figure below represents a 2rd order surface. 
 

 
 
The least squares minimization equation is: 
 ߳ ൌ ෍ሺ݂ሺݔ௜, ௜ሻݕ െ ௜ሻଶ௡ݖ

௜ୀଵ  

 
Where ݖ௜ are the observed values and ݂ሺݔ௜, ,௜ݔ ௜ሻ is the y‐value of the surface atݕ  ௜.  The equation of the surfaceݕ
is: 
ݖ  ൌ ଶݔܣ ൅ ݕݔܤ ൅ ଶݕܥ ൅ ݔܦ ൅ ݕܧ ൅  ܨ
 
Plugging this value in to the regression equation gives 
 ߳ ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻଶ௡ݖ

௜ୀଵ  
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To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the 
partial derivatives with respect to each coefficient must be equal to zero. 
ܣ݀߳݀  ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ

௜ୀଵ · ௜ ଶݔ ൌ ܤ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ
௜ୀଵ · ௜ݕ௜ݔ ൌ ܥ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ
௜ୀଵ · ௜ ଶݕ ൌ ܦ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ
௜ୀଵ · ௜ݔ ൌ ܧ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ
௜ୀଵ · ௜ݕ ൌ ܨ݀߳݀ 0 ൌ ෍ሺݔܣ௜ ଶ ൅ ௜ݕ௜ݔܤ ൅ ௜ ଶݕܥ ൅ ௜ݔܦ ൅ ௜ݕܧ ൅ ܨ െ ௜ሻ௡ݖ

௜ୀଵ ൌ 0 

 
These equations can be expressed in matrix form: 
 

ێێۏ
ێێێ
ێێێ
ۍێێ ෍ ௜ ସݔ ෍ ௜ݕ௜ ଷݔ ෍ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶ෍ݔ ௜ݕ௜ ଷݔ ෍ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݕ௜ݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜෍ݕ௜ݔ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݕ௜ݔ ෍ ௜ ସݕ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଷݕ ෍ ௜ ଶ෍ݕ ௜ ଷݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜෍ݔ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଷݕ ෍ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜෍ݕ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜ݔ ෍ ௜ݕ ݊ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ

· ێێۏ
ۑۑےܨܧܦܥܤܣۍێێ

ېۑۑ ൌ
ێێۏ
ۍێێ ௜ݖ௜ݖ௜ݕ௜ݖ௜ݔ௜ݖ௜ ଶݕ௜ݖ௜ݕ௜ݔ௜ݖ௜ ଶݔ ۑۑے

 ېۑۑ

 
Solving for ܨ ‐ ܣ 
 

ێێۏ
ۑۑےܨܧܦܥܤܣۍێێ

ېۑۑ ൌ
ێێۏ
ێێێ
ێێێ
ۍێێ ෍ ௜ ସݔ ෍ ௜ݕ௜ ଷݔ ෍ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶ෍ݔ ௜ݕ௜ ଷݔ ෍ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݕ௜ݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜෍ݕ௜ݔ ௜ ଶݕ௜ ଶݔ ෍ ௜ ଷݕ௜ݔ ෍ ௜ ସݕ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଷݕ ෍ ௜ ଶ෍ݕ ௜ ଷݔ ෍ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜෍ݔ ௜ݕ௜ ଶݔ ෍ ௜ ଶݕ௜ݔ ෍ ௜ ଷݕ ෍ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜෍ݕ ௜ ଶݔ ෍ ௜ݕ௜ݔ ෍ ௜ ଶݕ ෍ ௜ݔ ෍ ௜ݕ ݊ ۑۑے

ۑۑۑ
ۑۑۑ
ېۑۑ

ିଵ

·
ێێۏ
ۍێێ ௜ݖ௜ݖ௜ݕ௜ݖ௜ݔ௜ݖ௜ ଶݕ௜ݖ௜ݕ௜ݔ௜ݖ௜ ଶݔ ۑۑے

 ېۑۑ

 
See also:  
- Least Squares Minimization (Section 3.3.1) 
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