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SECTION 3 DATA PREDICTION AND FILLING
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3.1 General Curve Fitting

This section describes how to fit curves and surfaces to a set of data points. These methods require a certain
number of points for each particular model. The resulting curve or surface will pass exactly through each of the
points.

3.1.1  Polynomial Curve Fit

Description: Polynomial curve fit determines the equation of an n" order polynomial that passes through n+1
points. Unlike polynomial regression, this method requires exactly n+1 data points and the resulting polynomial
will pass through every point.

The figure above shows four points defining a cubic. The polynomial equation for a cubic is:
y=Ax3+Bx*+Cx+D
The variables A-D can be solved by a set of linear equations using the data from each of the points.
Ax? +Bx2+Cx;+D =y,
AX23 + szz + sz + D == yz
AX33 + BX32 + CX3 + D = y3
Ax2 +Bx2+Cx,+D =y,

The equations are then converted to matrix form:

X x x1 1] 14 V1
x; xf x; 1 |B _ |2
x2 x2 x, 1| [c| s
x2 xf x, 11 LD Vs
Solve for A-D:
A xf xf x, 170 V1
Bl _|x2 x# x 1 Y2
cl |x2 x2 xs 1| T|s
D x2 x? xg 1 Ya

3.1.2  Polynomial Surface Fit
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Description: Polynomial surface fit determines the equation of an m™ x n" order polynomial surface that passes
through n*m+1 points. Unlike bi-polynomial regression, this method requires n*m+1 data points and the resulting
polynomial surface will pass through every point.

The image above represents a 2" order surface with the equation:
z=Ax*+Bxy+Cy*+Dx+Ey+F

To define this surface there must be 6 linearly independent points. To solve for the coefficients, the same process
from the curve fitting is used. The surface is represented as 6 linear equations and solved simultaneously.

Ax;> + Bx;y; + Cy;>+ Dx; + Ey, + F = z;
Ax,2 + Bx,y, + Cy,2 +Dx, + Ey, + F =z,
Ax3? + Bxsy; + Cys> + Dxs + Ey; + F = z3
Ax,? + Bx,y, + Cy,  + Dx, + Ey, + F = z,
Axs? + Bxgys + Cys? + Dxs + Eys + F = zg
Ax® + Bxgye + Cys?> + Dxg + Eyg + F = zg4

In matrix form:

X% Xy Yy ox oy 1] A Z,
X Xy, ¢ Xy Yo 1 B Zy
x3® x3ys ¥3© X3 Y3 1 AC = |%
Xs* X4y Va© X4 Ya 1| |D Z4
Xs° XsYs Ys© Xs Ys 1 E Zs
X6 X6 V6 Xo Yo 1 F %
Solve for A-F by taking the inverse of the coefficient matrix.
I 2 -1
A X° xy1 Y1t ox o yp 1 Z
B X7 XY, YV X yp 1 Z,
Cl_ x3? x3ys ¥3© X3 ¥z 1 REE
D X XaYa Va® Xy Ya 1 Z4
E Xs° Xs¥s Yso X5 ys 1 %
F X6 XeV6 V6 Xo Yo 1 %

3.2 Interpolation
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Interpolation is the process of extracting information from a set of data between the data points. It involves
determining a mathematical model to fit the collected data and then solving the prediction equation at a location
where information is desired. Typically linear models are used, but there are countless others, polynomial,
sinusoidal, spline, etc. Several are discussed in this section.

3.2.1 Linear Interpolation

Description: Linear interpolation determines the value of a given point by taking a weighted average of the two
neighboring points based on the distance from each of those points.

P,
P-(x,y)
P P, = (x1,y1)
P, P, - (x3,Y2)

The distance from P; to P and the distance from P; to P, are proportional between the x and y directions for a
linear system.

y=V _X7Xq

Ya2—=Y1 X2—7X

Given the value of %, the value of y can be solved for with some simple algebra.

_ x—x1 _
y = <x2 — xl) V2 —y)+n

3.2.2  Polynomial Interpolation

Description: Polynomial interpolation determines the value of a given point by fitting an n" order polynomial
though n+1 points surrounding the given value. The example below shows a 3" order polynomial fit through 4
points.

P (x,y)
P, = (X, ¥Yn)

The equation for a 3 order polynomial is:
y=Ax3+Bx?*+Cx+D

The values of 4, B, C, and D are solved for by solving a set of linear equations using the method described
Polynomial Curve Fit (Section 3.1.1).

Ax13 + B.xlz + C.xl +D= V1
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Ax? +Bx2+ Cx,+D =y,
Ax3 + BxZ 4+ Cx;+D =y,
Ax43 + B.x4_2 + Cx4 + D = y4

Once the variables A, B, C, and D are calculated, y is calculated by plugging in x to the polynomial equation and
solving.

See also:
- Polynomial Curve Fit (Section 3.1.1)

3.2.3  Spline Interpolation

[TBD]

3.2.4 Bilinear Interpolation

Description: Bilinear interpolation determines the value at a given point by taking the average of the four closest
neighbors weighted by distance from the new point. This particular algorithm requires that points be monotonic
and regularly spaced (like pixels in an image). For data that is not evenly spaced, use Irregular Bilinear
Interpolation (Section 3.2.5) or Triangular Interpolation (Section 3.2.7).

| o Location of Pixels:
Po,o| Po,1 P - (x,y)
dy . .. P = (Xim Yn)
P Values of Pixels:
e O P>V
P10 P11 Bon = Vinn

The figure above shows bilinear interpolation for an image. Point P is the location of a new pixel, while the values
Py,0 — Py 1 are the original pixels in the image that surround the new point. The values dx and dy represent the
percent offsets from the top left pixel.

X — Xo Y~ Yo

dx = and dy =
X1 — Xo Y1—Yo

The value of the new pixel is calculated by taking weighted averages of the surrounding pixels using the offsets dx
and dy.

V=V (1—dx)-(1-dy) +
Vo (dx)-(1—dy) +
Vip-(1—dx)-(dy) +
Vi - (dx) - (dy)

3.2.5 Irregular Bilinear Interpolation

Description: Irregular bilinear interpolation determines the value at a given point by taking the weighted average
of its four closest neighbors. This algorithm is nonlinear and more computationally intensive than standard
bilinear interpolation. If the data being interpolated is regularly spaced use the standard version, Bilinear
Interpolation (Section 3.2.4)
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The figure below show an irregular point set. Points P represents the new point and points 1-4 are the bounding
points. The distance s is the percentage along the vertical sides to point P, the distance t is the horizontal. Points
A-D are intermediate points used for calculation.

P P "

The edges are represented as parametric lines using the equations:

x=xgta-t
y=yot+p-t

The intermediate points A - D can be described in terms of parametric lines through the corner points P; - P,.

Point A Point A
Ay =% +x31°t B, =x, + x4, t
Ay =y1+y3-t By =y, +ys2-t
Point C Point D
C,=x1+X%x3;°S Dy =23+ X435
Cy=y1+y2"s Dy =y3+yu3-s

Where the intermediate variables are defined as:

X31 = X3 — X1
V31 =Y3— N1

X42 = X4 — X2
Using points A - D the point P can be solved for by two different parametric lines.

Px=Ax+(Bx_Ax)'S
P,=A,+(By—Ay)-s

Px=Cx+(Dx_Cx)'t

and Py:Cy"'(Dy_Cy)'t

The value of P can be attained by solving either pair of these equations, but there are conditions that only one or
the other set will give a viable answer.

Method 1
Using the first set of equations the value of s can be formulated by rearranging the equation for yp.

P,—A

_ Yy y
Py=Ay+(By—Ay)'S - S—ﬂ

The value of s can then be plugged into the equation for xp.
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Py—Ay)

B,—A

Px:Ax+(Bx_Ax)'<
y y

This equation is then rearranged:
0=(B,—A)(P,—4))— (P, —A)(B, — 4))
The values of 4y, By, 4,, and B,, are plugged in to place the solution in terms of ¢t.
0= ((xz + x40 t) — (X1 + X531 - t)) (Py -1+ Y31 t)) - (Px = (xg +x31 - t))(()’z + Va2 ) = (1 + Y31 t))

Through a significant bit of algebra this equation can be condensed and factored into the terms of the second
order polynomial:

At’+Bt+C =0

Where the variables A - C are:

A = X31YVa2 — V31%X42
B = P,(xa2 — X31) = Pc(Vaz — ¥31) + X31Y2 — ¥31%2 + X1 Va2 — Y1¥Xa2
C=Px — Bys1 +x1Y, — X201

The value of t can be solved for using the quadratic equation:

—B +VB? — 4AC
(tlft2)= 2C

Since this equation is quadratic, it is likely that two separate roots will be found when solving the equation. When
the object of this method is interpolation (not extrapolation), determining which factor is real and which is false is
simple. For any interpolation the value of t must be between 0 and 1.

Using the value of t the value of s can be solved for using the value of t.

_ Py—Ay Py_yl_y31t
5§ === - s =
B, -4, Y2 t Yart — Y1 — Y31t

After calculating the s and t values, the value at point P is calculated using the standard bilinear interpolation
formula.

P=P-(1-5)-(1—-1¢t) +
Pye(s)-(1—t) +
Py-(1=s)-(t) +
Py (s)-(0)

Method 2
If the vertical uprights of the interpolation area are parallel, the solution for the quadratic equation will return

complex values. If this occurs a second method focusing on the horizontal sections of the viewing area can be used
instead.
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The same calculations from the first method are used but with the points C and D instead. Following the same
calculations, the values of the quadratic coefficients become:

A = X31Y43 — Y21%Xa3
B = Py(x43 — X21) = Pe(Vaz — Y21) + X1Ya3 — Y1Xa3 + X21Y3 — V21X3
C = Px3; — Pyss +x1¥3 — X3);

The value of s is then calculated using the quadratic equation.

( )_—Bi\/BZ—4AC
S1,52) = 2C
The value of t can be solved for
t:Py_Cy 5 ¢ = Py=Y1—Yau-s
D, -G, Y3+ Y4z S—Y1—Y21°S

And s and t can be used in the standard bilinear interpolation formula listed above.

Method 3

If the interpolation area becomes a parallelogram, a third method is required to solve for the value at P.

With both pairs of edges parallel, the solution for the point P becomes linear and only marginally more
complicated than the standard bilinear interpolation method. Take the original equations for A and B:

Ax=x1+X31-t Bx=x2+X42-t
Ay =y +ys-t By =y, + Vst

And the solution for P given A and B:
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Px=Ax+(Bx_Ax)'S
P,=A,+(By—Ay)-s

Plugging in the values for A and B gives:

P, = x1 + X371t + X3S + X3St — X1S — X4,St
Py =y1 4+ Y31t +y25 + Y315t — Y15 — YaaSt

But since edges P; P; and P, P, are parallel, x3; = x4, and y3; = y,,. This makes the cross terms cancel out and
the remaining equations are:

P, = x; + x31t + (x5 — x4)S
Py =y +yst+ (Y2 —y1)s

This system can now be solved as a set of linear equations.
[x21 x31] ) [S] _ [Px - x1]
Y21 Yzl Lt b=y
Error Conditions

As mentioned earlier, the quadratic solution for the s and t variables presents the problem of solving for the
incorrect roots. The phenomenology of this occurrence is shown below.

The blue dashed lines and boxes indicate the results from the correct roots. The point P is solved for using values
of s and t that are between 0 and 1. The red boxes and dashed lines show the results from the other solution to
this quadratic. At the values of A’, B’, C’, and D' the lines formed still intersect at point P, but the values make
less sense. In particular the horizontal intersection line AB has now become the vertical and vise versa.

Another problem that can arise is the condition of parallel lines in the interpolation region. This condition is what
drives the need for multiple solution methods. Of course, there is the condition of a rectangular region, or more
generally a parallelogram, which would cause both methods to fail. This condition must be checked for explicitly.
For the vertical edges of the search region, the parallelism condition can be checked for using the cross product of

the two vertical edges.
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If (x3—x)(Vs—y2) — (x4 —x,)(y3 —y,) == 0 then VertLines = Parallel
Likewise for the horizontal edges the cross product can be used to determine parallelism.
If (x; —x1) (Vs —y3) — (x4 —x3)(y; —y1) == 0 then HorzLines = Parallel

The processing structure uses this information to determine which method to use when performing the
interpolation. The processing logic is as follows:

if (VertLines # Parallel) & (HorzLines # Parallel) — use Method 1
if (VertLines # Parallel) & (HorzLines = Parallel) — use Method 1
if (VertLines = Parallel) & (HorzLines # Parallel) — use Method 2
if (VertLines = Parallel) & (HorzLines = Parallel) — use Method 3

3.2.6  Bicubic Interpolation

Description: Bicubic interpolation determines the value at a given point by interpolating values from the 16
neighboring pixels using cubic polynomials in two directions. This algorithm requires that points be monotonic and
evenly spaced (like pixels in an image). For data that is not evenly spaced, use Irregular Bilinear Interpolation
(Section 3.2.5) or Triangular Interpolation (Section 3.2.7).

A typical pixel grid is show below. The black dots represent the centers of the pixels. The blue dot represents the
location of the new pixel relative to the original pixel grid. The offsets from the top left pixel are shown by the
values of dx and dy.

dx
Poo Po1 Poz Pos
o 0 o o
Pio P11 P1, P13
e @@ o
dy -@|p
o | o -0 | O
P20 Py P2, Pa3
o o o o
P30 P31 P, P33

Bicubic interpolation creates a series of four cubics through the points of each row. These cubics are then solved
at the points Ry — R3 shown in red below in the figure below. These four values then make up the vertical cubic
which is solved at dy to get the value of the point P. The local pixel coordinates are shown on the edges of the
grid in blue.
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Poo Po1 Po2 Pos
1l @ @R @ [

For an image, the spacing between pixels is assumed to be 1 unit so dx and dy can be solved for by subtracting the
x and y components of point P;; from point P.

dx = P, — Py1y
dy=Py_P11y

For grid spacing that is not unitized, dx and dy would be solved for using linear interpolation between P;; and P;,
and P;; and P,,, respectively.

The first step of the algorithm is to solve for the pixel values of Ry — R;.
Starting with the equation of a cubic:
y=Ax3+Bx*+Cx+D

Solve for the coefficients A — D of the cubic equation for each row. The x position across the image is the
independent variable and the pixel intensity is the dependent. This is shown for the first row below:

Poo = Agxo> + Boxy? + Coxo + Dy
Py = Apx;® + Box 2 + Coxy + Dy
Py = Agx,> + Box,? + Cox, + Dy
Po3 = Agx3> + Box3? + Cox3 + D,

Expanded to matrix form:
2 2
[Ag By Co Do]-|¥o X7 X2o X3 | =[Py, Py Py Pos]

Xo X1 X2 X3
1 1 1 1

The matrix equations can be further expanded to solve for all four coefficient rows simultaneously.

Ao Bo Co Do x03 x13 X23 X33 Poo Po1 Poz P03
Ay By G Dl‘ , IXOZ X2 xp? xf‘ _ Iplo Py P Py
Ay By G Dy| |xy x x X3 Pyo Pp1 Py Py
A; Bz (3 Ds 1 1 1 1 Py P3y P3y Pss

Solving for the cubic coefficients:
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Py1 Py Pp3 Xo X1 X X3

Ay By Cy Dy Poo  Po1 Poz  Pos X03 x13 x23 x33 -
_ |Pro
Py
P3y P33 P3; Pss 1 1 1 1

The X values are constant for this region so the [X] coefficient matrix can be specified explicitly.

X 1
1 1

cococo
Y
S RN N

x® x® x? xd -1
X] = X X7 xP x| 1
X1 X2 X3 B
1 1 1
The inverse of [X] becomes:

_ 1/6 1/2 _ 1/6 0
I, -1 =151
— 1/2 1/2 1 O‘

Yo 0 =g 0

So the row cubic coefficients can be solved for by the values of the pixels and the [X] inverse.

1 1 _1/
Ay By Co Dol [Poo Por Pox Poy 1/6 /2 1/6
Ay By G Dy Pyg Py Pip P /2 -1 - /2 1
A, By, C; D, Py Py Py Pog —1/2 1/2 1 0
Ay By Co D) P Py P Py [1 ) J

/e 0 = O

Using the coefficients, the values of point Ry — R3 can be solved for at position dx with the cubic equations:

Ry = Aogdx® + Bydx? + Codx + D,
R, = A;dx3 + B;dx? + C;dx + D,
R, = Aydx® + B,dx? + Codx + D,
R; = Azdx® + B3dx? + C3dx + Dy

Converted to matrix form:

Ry Ay By Co Dol [ax3
Ryl _ A1 Bi Ci Di| |dx?

R, A, B, C; Dy dx
R As By (3 Dj 1

A vertical cubic must then be defined for the values of Ry — R3. Solving in the same fashion as before but with the
vertical values:

Ryl [v© ¥& » 1] 14,
R1‘=IJ’23 v y2 1 | Bv
R, v y& oys 1 |G
Rsl 1y y2 oy, 1l LDy

Like the [X] values, the [Y] values are constant and can be define explicitly:
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Do
N RO
RO R

So the inverse of [Y] is:

[_1/6 1/2 _1/2 1/6]

yi=| 2 U Yy 0
_1/3 _1/2 1 _1/6
0 1 0 0

The final step is to solve for the pixel value at point P by evaluating the vertical cubic at point dy.
P = Aydy? + Bydy* 4+ Cydy + D
In matrix form:
Ay

P=[dy® dy? dy 1] ?V
v

Dy

Combining all of the matrix pieces together to form a single equation, P can be solved for by:

Pyo Por Py Pos dx3
P Py P P do?
_ 3 2 ry1-1. |Fo Fi1r fiz Faz| -1 |dx
P=ldy* dy* dy 1]-1r] Py Py Py Pog [x] dx
Py P3; P3; Psg 1

3.2.7  Triangular Interpolation

Description: Triangular interpolation determines the value at a given point by interpolating values from the three
neighboring points. This method is particularly useful in interpolating irregularly spaced data. Method was
developed to interpolate data in triangular mesh structures.

[TBD]

3.3 Regression and Least Squares Minimization

Regression is the process of using least squares minimization to statistically predict the mathematical model for a

set of data. This process involves minimizing the error between the predicted equation and the sample data. The
results of regression analysis are very typically used to determine an interpolation model to fill in missing data in a
data set.

3.3.1 Least Squares Minimization

Least squares minimization is an approach for determining an equation for a set of observed data. The process
involves determining a mathematical model (linear, polynomial, etc.) and adjusting the parameters of the equation
to minimize the residuals (or errors) between the observed data and the math model. The sum of the residuals (€)
is calculated by taking the square of the difference between the equation and the observed data for every point
and summing the results.
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€= ) (FGx) — v
i=1

The minimum error value is found by setting the derivative of the residuals equation equal to zero.
de :
dy -

The equation f(x) is nearly always multivariate so for the derivative of the residuals to be zero, the partial
derivatives of all of its components must be zero as well. For instance in the case of a line:

fx)=Ax+B
The partial derivatives of € with respect to each of the coefficients must be equal to zero:

de de

— = and —=
dA 0 dB 0

Each of the partial derivatives becomes an equation in the least squares solution and then the coefficients are
calculated by simply solving the system of equations. For the linear equation above:

de < de <
azZ(Axi+B—yi)-xi=0 and @=Z(Axi+8—yi)=0
i=1 i=1

The equations above reduce to a pair of equations with A and B as the unknowns.

A (i xi2> +B (i xl-> = YiX;

i=1 i=1
n n
i=1 i=1

The solution of A and B represents the optimal line for the data set. For more detail on linear regression see
Linear Regression (Section 3.3.2).

3.3.2 Linear Regression

Description: Linear regression calculates the equation of a line from a set of 2 or more data points. The line is
determined by minimizing the residuals (or errors) between the line and the original points using least squares
minimization.

This method of linear regression only works in two dimensions and non-vertical lines. For the 3D lines and vertical
2D lines, use Parametric Linear Regression (Section 3.3.4).

The least squares minimization equation is:
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€= ) (FGx) — v
i=1

Where y; are the observed values and f (x;) is the y-value of the line at x;. The equation of a 2D line is:
y=Ax+B

Plugging this value in to the regression equation gives

n
€= Z(Ax + B —y)?
i=1

To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the
partial derivatives with respect to each coefficient must be equal to zero.

de -
EZZ(Axi‘l'B_Yi)'xi =0
i=1

14

de $
d_B=Z(Axi+B_yi) =0
i=1
These equations can be expressed in matrix form:

inz in _[A]: Zyix"
P el DT

Solving for A and B:

o [ T [T
I D

See also:
- Least Squares Minimization (Section 3.3.1)

3.3.3 Polynomial Regression

Description: Polynomial regression calculates an n" order polynomial from n+1 or more data points. The n" order
polygon is calculated by minimizing the residuals (or errors) between the polynomial and the original points using
least squares minimization. The figure below shows the regression of a quadratic curve.

Property of ahinson.com Last Update June 3, 2007 Page 16 of 22



The least squares minimization equation is:

€= () =y’
i=1

Where y; are the observed values and f (x;) is the y-value of the polynomial at x;. The equation of the quadratic
is:

y=Ax*+Bx+C
Plugging this value in to the regression equation gives
n
€= Z(sz + Bx + C —y)*
i=1

To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the
partial derivatives with respect to each coefficient must be equal to zero.

n

de

d—A=Z(Ax2+Bx+C—yi)-xl-2 =0
i=1

n
de
d—B=Z(Ax2+Bx+C—yi)-xi=0

i=1
n

de
E=Z(Ax2+3x+C—yi)=0

=1

These equations can be expressed in matrix form:

Z)’ixiz
A
B|= Z ViX;
c

Zyi

Y
St Sar Sl
. 21

Solving for A, B, and C:
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This form is consistent for any order polynomial. For instance a 5™ order polynomial:

y=Ax>+Bx*+ Cx>*+ Dx*+Ex+F

Works out to be:

&
o

hglnglnglnglinglng
MM[\;MMM
MM[\;MMM
MML\ZMMM

R
ke
v

R

MMM
e

&

TEmOT O >
&

=

2

ity
X

The general form of the polynomial regression equation works out to be:

. [Z - T Zat] [

z S S
IZ in "J lzyiJ

Where n is the order of the polynomial and C; — C,, are its coefficients.

See also:
- Least Squares Minimization (Section 3.3.1)

3.3.4  Parametric Linear Regression

Description: Parametric linear regression is the process of determining a line using the parametric line equations.
This method is applicable for any dimensionality of line and does not have the shortcomings that standard linear
regression has. The line is determined by minimizing the residuals (or errors) between the line and the original
points using least squares minimization.

The figure below represents a set of 3 dimensional points. The residuals measured with respect to the line
direction, as opposed to a particular axis like the earlier regression techniques.
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The parametric equations for a 3D line are:

XxX=xgt+a-t

y=yot+tp-t
zZ=Zyty-t

[TBD]

3.3.5 Bilinear Regression (a.k.a Multilinear Regression)

Definition: Bilinear regression calculates the best fit plane through a group of 3 or more data points. The plane is
calculated by minimizing the residuals (or errors) between the plane and the original points using least squares
minimization.

AR

The least squares minimization equation is:

€= ) (Flry) - 2)?
i=1

Where z; are the observed values and f(x;, y;) is the y-value of the surface at x;, y;. The equation of the plane is:
z=Ax+By+C
Plugging this value in to the regression equation gives
n
€= Z(Axi + By, + C — 2)?
i=1

To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the
partial derivatives with respect to each coefficient must be equal to zero.

de -
E=Z(Axi+3yi+(f—zi)-xi=0

=1

n
de
ﬁ:Z(Axi‘}'BYi‘}'C_Zi)'yi:O

i=1

de -
E=Z(Axi+3yi+C—zi) =0
i=1
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These equations can be expressed in matrix form:

S Yo Yl [
inyi Zyiz Zyi-c
S S S0l (3

Solving for A, B, and C:

-1
inz in}’i in inzi
A
Bl = inyi ZJ&'Z ZYL' 'Z%Zi
C
in Z)’i Zl Zzi
See also:

- Least Squares Minimization (Section 3.3.1)

3.3.6 Bi-polynomial Regression

Definition: Bi-polynomial regression calculates a best fit polynomial surface through a group of n or more data
points (where n represents the total number of variables in the polynomial surface equation). The surface is
calculated by minimizing the residuals (or errors) between the surface and the original points using least squares
minimization. The figure below represents a 2" order surface.

The least squares minimization equation is:

€= (Flruy) - 2)?
i=1

Where z; are the observed values and f(x;, ¥;) is the y-value of the surface at x;, y;. The equation of the surface
is:

z=Ax>+Bxy+Cy>+Dx+Ey+F
Plugging this value in to the regression equation gives
n
€= Z(Axiz + Bx;y; + Cy? + Dx; + Ey; + F — z))?
i=1
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To find the minimum residual error, the derivative of the residuals equation must be zero, which means all of the
partial derivatives with respect to each coefficient must be equal to zero.

de = 2 2 2
a:Z(Axi +Bx;y; + Cy " +Dx; +Ey; + F —z) - x =0

i=1

n
de
5= Z(Axiz + Bx;y; + Cy? +Dx; +Ey; + F —z) - x;y; = 0

i=1

de N 2 2 2
E=Z(Axl- + Bx;y; + Cy;" + Dx; +Ey; +F —z) -y =0
i=1

n
de
D= Z(Axiz +Bx;y; + Cy? +Dx; +Ey; + F—2z) -x; =0

i=1

n
de
riin Z(Axiz +Bxy; +Cy? +Dx;+Ey;+F—2z)-y;=0
=1
de 2 )
aF - (Ax;® + Bx;jy; + Cy“ +Dx; + Ey; + F —2) = 0
i=1

These equations can be expressed in matrix form:

in4 in3}’i inzyiz Z’Q’S inz}’i inz
in3}’i inzyiz inYi3 inzyi xiyiz inyi

A xiZZL

B X ViZ;

inZYiz inYi3 Z)’i4 inYiz Z}’i3 Z}’iz .Ll= };izlzil
D )

in3 inz%‘ zxi 2 inz zxm in E XiZi
YiZi

inzyi inyiz Z)’i3 in%' Z)’iz Z)’i F Zi

| inz inyi Zyiz in Zyi n

Solving for A - F

_ —1
Z xi4 Z xi3J’i Z xiZJ’iz Z xi3 Z xizyi Z xiz
Z xi3)’i Z xizyiz xiyiS Z xiZYi Z xiyiz XiYi 2,
XiYiZ;
Z xizyiz Z xiyi3 Z yi4 xiyiz Z Yi3 Z J’iz ' zl '
_ A YiZi
in3 inzyi inyiz inz inyi in XiZi
l)’izi J
Z xy; Z Xy Z v Z xiYi Z v Z Vi Z
| inz inyi ZJ’L'Z in Zyi n

Least Squares Minimization (Section 3.3.1)

TEHO O

See also:
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